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THE CONJECTURE OF ERDO¨S–STRAUS IS TRUE
FOR EVERY n ≡ 13 mod 24
MARIO GIONFRIDDO AND ELENA GUARDO
Abstract. In this short note we give a proof of the famous con-
jecture of Erdo¨s-Straus for the case n ≡ 13 mod 24. The Erdo¨s–
Straus conjecture states that the equation 4
n
= 1
x
+ 1
y
+ 1
z
has
positive integer solutions x, y, z for every n ≥ 2. It is open for
n ≡ 1 mod 12. Indeed, in all of the other cases the solutions are
always easy to find. We prove that the conjecture is true for every
n ≡ 13 mod 24. Therefore, to solve it completely, it remains to
find solutions for every n ≡ 1 mod 24.
1. Introduction
In Number Theory there are many unsolvable problems
that still attract a lot of attention. Among all, there is a fa-
mous conjecture of Erdo¨s–Straus which states that, for all
positive integers n ≥ 2, the rational number 4n can be ex-
pressed as the sum of three positive unit fractions. Specif-
ically, in 1948 P. Erdo¨s and E. G. Straus formulated the
following:
Conjecture 1.1. For every positive integer n ≥ 2 there
exist positive integers x, y, z such that:
4
n
=
1
x
+
1
y
+
1
z
.
This conjecture has attracted a lot of attention not only
among reseachers in Number Theory but also among many
people involved among the different areas in Mathematics,
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such as L. Bernstein [1], M. B. Crawford [3], M. Di Gio-
vanni, S.Gallipoli, M.Gionfriddo [4], J. Guanouchi [5, 6], D.
J. Negash [7], L. A. Rosati [8], S .E. Salez [9], K. Yamamoto
[11], just to cite some of them.
It is not clear if Conjecture 1.1 is true or not since there
are many papers in which some authors adfirm to have
proved that the conjecture is true and others in which the
authors proved that it is false (see [12]). Since we have
found some mistakes in these published papers, it is opinion
of the authors that this conjecture is still open and in this
paper we prove it in an other case (see Theorem 4.1). First,
in Sections 2 and 3, we recall all the known cases in the
literature. From them, we see that the solutions are easy to
find, and so the main problem is to find solutions for n ≡
1 mod 12. We have divided the problem into two parts,
n ≡ 1 mod 24 and n ≡ 13 mod 24, and solve the problem
for the case n ≡ 13 mod 24. Therefore, to completely solve
Conjecture 1.1, it remains to find solutions for every n ≡
1 mod 24.
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2. The case n even
The case n even is easily solvable, as we can see in the
following theorem.
Theorem 2.1. Conjecture 1.1 is true for n even.
Proof. Let n ≡ 0, 2 mod 4.
(1) If n = 4k, then for: x = 2k, y = 4k, z = 4k, it is
possible to verify that the conjecture is true.
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(2) If 4n = 4k + 2, then for: x = 2k + 1, y = 4k + 2, z =
4k + 2, it is possible to verity that the conjecture is
true.

3. The case n odd
The following results are already known for the case n
odd.
Theorem 3.1. Conjecture 1.1 is true for n ≡ 3 mod 4.
Proof. If n = 4k + 3, then for: x = 2k + 2, y = 2k + 2, z =
(k + 1)(4k + 3), it is possible to verity that the conjecture
is true (see [2]). 
Theorem 3.2. Conjecture 1.1 is true for n ≡ 3, 5 mod 6.
Proof. Let n ≡ 3, 5 mod 6 (see [2]).
If n = 6k + 3, then for: x = 6k + 3, y = 2k + 2, z =
(2k+1)(2k+2), it is possible to verify that the conjecture
is true. If n = 6k+5, then for: x = 6k+5, y = 2k+2, z =
(6k+5)(2k+2), it is possible to verify that the conjecture
is true. 
Collecting together the results proved in Theorems 3.1
and 3.2, we have that:
Theorem 3.3. [2] Conjecture 1.1 is true for every n ≡
3, 5, 7, 9, 11 mod 12.
Proof. Indeed:
(1) if n ≡ 3 mod 12, then it is n ≡ 3 mod and also
n ≡ 3 mod 6;
(2) if n ≡ 5 mod 12, then it is n ≡ 1 mod 4, but also
n ≡ 5 mod 6;
(3) if n ≡ 7 mod 12, then it is n ≡ 1 mod 6, but also
n ≡ 3 mod 4;
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(4) if n ≡ 9 mod 12, then it is n ≡ 1 mod 4, but also
n ≡ 3 mod 6;
(5) if n ≡ 11 mod 12, then it is n ≡ 3 mod 4 and also
n ≡ 5 mod 6.

Therefore, it remains to examine the case n ≡ 1 mod 12.
4. Solutions for n ≡ 13 mod 24.
We are ready to prove the main result of this paper.
Theorem 4.1. Conjecture 1.1 is true for every n ≡ 13 mod 24.
Proof. : Let n = 24k + 13, for any non negative integer k.
If:
x = (2(k + 1)(24k + 13)),
y = (2(3k + 2)),
z = (2(k + 1)(24k + 13)(3k + 2)),
it follows that:
1
2(k+1)(24k+13) +
1
2(3k+2) +
1
2(k+1)(24k+13)(3k+2) =
=
((3k+2)+(k+1)(24k+13)+1)
2(h+1)(24k+13)(3k+2) =
=
8(3k+5k+2)
2(k+1)(24k+13)(3k+2)
=
=
(8(3k+2)(k+1))
(2(k+1)(24k+13)(3k+2))
=
=
4
(24k+13)
.
which proves the statement. 
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